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Abstract
We investigate in this work some situations where it is possible to estimate or determine the
upper and the lower q-generalized fractal dimensions D±
µ
(q), q ∈ R, of invariant measures
associated with continuous transformations over compact metric spaces. In particular, we
present an alternative proof of Young’s Theorem [31] for the generalized fractal dimensions of
the Bowen-Margulis measure associated with a C1+α-Axiom A system over a two-dimensional
compact Riemannian manifold M . We also present estimates for the generalized fractal
dimensions of an ergodic measure for which Brin-Katok’s Theorem is satisfied punctually, in
terms of its metric entropy.
Furthermore, for expansive homeomorphisms (like C1-Axiom A systems), we show that
the set of invariant measures such that D+
µ
(q) = 0 (q ≥ 1), under a hyperbolic metric,
is generic (taking into account the weak topology). We also show that for each s ∈ [0, 1),
D+
µ
(s) is bounded above, up to a constant, by the topological entropy, also under a hyperbolic
metric.
Finally, we show that, for some dynamical systems, the metric entropy of an invari-
ant measure is typically zero, settling a conjecture posed by Sigmund in [25] for Lipschitz
transformations which satisfy the specification property.
Key words and phrases. Expansive homeomorphisms, Hausdorff dimension, packing dimension,
invariant measures, generalized fractal dimensions, dynamical systems with specification
1 Introduction
The dimension theory of invariant measures plays a very important role in the theory of dynam-
ical systems.
There are several different notions of dimension for more general sets, some easier to compute
and others more convenient in applications. One of them is, and could be said to be the most
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popular of all, the Hausdorff dimension, introduced in 1919 by Hausdorff, which gives a notion
of size useful for distinguishing between sets of zero Lebesgue measure.
Unfortunately, the Hausdorff dimension of relatively simple sets can be very hard to calculate;
besides, the notion of Hausdorff dimension is not completely adapted to the dynamics per se (for
instance, if Z is a periodic orbit, then its Hausdorff dimension is zero, regardless to whether the
orbit is stable, unstable, or neutral). This fact led to the introduction of other characteristics for
which it is possible to estimate the size of irregular sets. For this reason, some of these quantities
were also branded as “dimensions” (although some of them lack some basic properties satisfied
by Hausdorff dimension, such as σ-stability; see [12]). Several good candidates were proposed,
such as the correlation, information, box counting and entropy dimensions, among others.
Thus, in order to obtain relevant information about the dynamics, one should consider not
only the geometry of the measurable set Z ⊂ X (where X is some Borel measurable space),
but also the distribution of points on Z under f (which is assumed to be a measurable trans-
formation). That is, one should be interested in how often a given point x ∈ Z visits a fixed
subset Y ⊂ Z under f . If µ is an ergodic measure for which µ(Y ) > 0, then for a typical point
x ∈ Z, the average number of visits is equal to µ(Y ). Thus, the orbit distribution is completely
determined by the measure µ. On the other hand, the measure µ is completely specified by the
distribution of a typical orbit.
This fact is widely used in the numerical study of dynamical systems where the distributions
are, in general, non-uniform and have a clearly visible fine-scaled interwoven structure of hot
and cold spots, that is, regions where the frequency of visitations is either much greater than
average or much less than average respectively.
In this direction, the so-called correlation dimension of a probability measure was introduced
by Grassberger, Procaccia and Hentschel [18] in an attempt to produce a characteristic of a
dynamical system that captures information about the global behavior of typical (with respect
to an invariant measure) trajectories by observing only one them.
This dimension plays an important role in the numerical investigation of chaotic behavior
in different models, including strange attractors. The formal definition is as follows (see [15,
16, 17]): let (X, r) be a complete and separable (Polish) metric space, and let f : X → X be
a continuous map. Given x ∈ X, ε > 0 and n ∈ N, one defines the correlation sum of order
q ∈ N \ {1} (specified by the points {f i(x)}, i = 1, . . . , n) by
Cq(x, n, ε) =
1
nq
card {(i1 · · · iq) ∈ {0, 1, · · · , n}
q | r(f ij(x), f il(x)) ≤ ε for any 0 ≤ j, l ≤ q},
where cardA is the cardinality of the set A. Given x ∈ X, one defines (when the limit n→ ∞
exists) the quantities
αq(x) =
1
q − 1
lim
ε→0
lim
n→∞
logCq(x, n, ε)
log(ε)
, αq(x) =
1
q − 1
lim
ε→0
lim
n→∞
logCq(x, n, ε)
log(ε)
, (1)
the so-called lower and upper correlation dimensions of order q at the point x or the lower and
the upper q-correlation dimensions at x. If the limit ε → 0 exists, we denote it by αq, the
so-called q-correlation dimension at x. In this case, if n is large and ε is small, one has the
asymptotic relation
Cq(x, n, ε) ∼ ε
αq .
Cq(x, n, ε) gives an account of how the orbit of x, truncated at time n, “folds” into an ε-
neighborhood of itself; the larger Cq(x, n, ε), the “tighter” this truncated orbit is. αq(x) and
2
αq(x) are, respectively, the lower and upper growing rates of Cq(x, n, ε) as n → ∞ and ε → 0
(in this order).
Definition 1.1 (Energy function). Let X be a general metric space and let µ be a Borel
probability measure on X. For q ∈ R \ {1} and ε ∈ (0, 1), one defines the so-called energy
function of µ by the law
Iµ(q, ε) =
∫
supp(µ)
µ(B(x, ε))q−1dµ(x), (2)
where supp(µ) is the topological support of µ.
The next result shows that the two previous definitions are intimately related.
Theorem 1.1 (Pesin [16, 17]). Let X be a Polish metric space, assume that µ is ergodic and
let q ∈ N \ {1}. Then, there exists a set Z ⊂ X of full µ-measure such that, for each R, η > 0
and each x ∈ Z, there exists an N = N(x, η,R) ∈ N such that
|Cq(x, n, ε)− Iµ(q, ε)| ≤ η
holds for each n ≥ N and each 0 < ε ≤ R. In other words, Cq(x, n, ε) tends to Iµ(q, ε) when
n→∞ for µ-almost every x ∈ X, uniformly over ε ∈ (0, R].
Taking into account Theorem 1.1, it is natural to introduce the following dimensions.
Definition 1.2 (Generalized fractal dimensions). Let X be a general metric space, let µ be a
Borel probability measure on X, and let q ∈ R\{1}. The so-called upper and lower q-generalized
fractal dimensions of µ are defined, respectively, as
D+µ (q) = lim sup
ε↓0
log Iµ(q, ε)
(q − 1) log ε
and D−µ (q) = lim inf
ε↓0
log Iµ(q, ε)
(q − 1) log ε
.
If the limit ε → 0 exists, we denote it by Dµ(q), the so-called q-generalized fractal dimension
(also known as q-Hentchel-Procaccia dimension). For q = 1, one defines the so-called upper
and lower entropy dimensions (see [2] for a discussion about the connection between entropy
dimensions and Re´nyi information dimensions), respectively, as
D+µ (1) = lim sup
ε↓0
∫
supp(µ) log µ(B(x, ε))dµ(x)
log ε
,
D−µ (1) = lim inf
ε↓0
∫
supp(µ) log µ(B(x, ε))dµ(x)
log ε
.
Definition 1.3 (lower and upper packing and Hausdorff dimensions of a measure [12]). Let µ
be a positive Borel measure on (X,B). The lower and upper packing and Hausdorff dimensions
of µ are defined, respectively, as
dim−K(µ) = inf{dimK(E) | µ(E) > 0, E ∈ B},
dim+K(µ) = inf{dimK(E) | µ(X \ E) = 0, E ∈ B},
where K stands for H (Hausdorff) or P (packing); here, dimH(P )(E) represents the Hausdorff
(packing) dimension of the Borel set E (see [12] for details).
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Definition 1.4 (lower and upper local dimensions of a measure). Let µ be a positive finite
Borel measure on X. One defines the upper and lower local dimensions of µ at x ∈ X as
dµ(x) = lim sup
ε→0
log µ(B(x, ε))
log ε
and dµ(x) = lim inf
ε→0
log µ(B(x, ε))
log ε
,
if, for every ε > 0, µ(B(x; ε)) > 0; if not, dµ(x) := +∞.
Some useful relations involving the generalized, Hausdorff and packing dimensions of a pro-
bability measure are given by the following inequalities, which combine Propositions 4.1 and 4.2
in [2] with Proposition 1.1 in [6] (although Propositions 4.1 and 4.2 in [2] were originally proved
for probability measures defined on R, one can extend them to probability measures defined on
a general metric space X; see also [20]).
Proposition 1.1 ([2, 20]). Let µ be a Borel probability measure over X, let q > 1 and let
0 < s < 1. Then,
D−µ (q) ≤ µ- ess inf dµ(x) = dim
−
H(µ) ≤ µ- ess sup dµ(x) = dim
+
H(µ) ≤ D
−
µ (s), (3)
and
D+µ (q) ≤ µ- ess inf dµ(x) = dim
−
P (µ) ≤ µ- ess sup dµ(x) = dim
+
P (µ) ≤ D
+
µ (s). (4)
Moreover, D±µ (q) ≤ D
±
µ (1) ≤ D
±
µ (s).
Our first result gives, under some assumptions, upper and lower bounds for the upper and
lower generalized fractal dimensions of a probability measure defined on a compact metric space.
Theorem 1.2. Let X be a compact metric space, let µ be a probability Borel measure on X
and suppose that there exist constants 0 < α < β < +∞ such that, for each x ∈ supp(µ),
α ≤ dµ(x) ≤ dµ(x) ≤ β. Then, for each s < 1 and each q > 1, one has
α ≤ D−µ (q) ≤ D
−
µ (1) ≤ D
+
µ (1) ≤ D
+
µ (s) ≤ β.
The following result also presents upper and lower bounds for the upper and lower gener-
alized fractal dimensions of an invariant measure for which Brin-Katok’s Theorem is satisfied
punctually.
Theorem 1.3. Let (X, f) be a topological dynamical system such that X is a compact metric
space, and let µ be an invariant measure. Suppose that Brin-Katok’s Theorem is satisfied punc-
tually, and suppose also that f is a continuous function for which there exist constants Λ, λ > 1
and δ > 0 such that, for each x, y ∈ X so that d(x, y) < δ,
λd(x, y) ≤ d(f(x), f(y)) ≤ Λ d(x, y). (5)
Then, for each s < 1 and each q > 1, one has
hµ(f)
log Λ
≤ D−µ (q) ≤ D
−
µ (1) ≤ D
+
µ (1) ≤ D
+
µ (s) ≤
hµ(f)
log λ
.
Invariant measures that satisfy the hypotheses of Theorem 1.3 are, for example:
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1. Any homogeneous measure of a topological dynamical system (X, f) (if it exists) that
satisfies (5) (see Definition 1.5 and Remark 1.1).
2. The Gibbs measures of maximal entropy of subshifts, σ, of finite type (see [3] for the
details and related situations); it is possible to endow the space with a metric such that σ
satisfies the second inequality in (5). Moreover, if σ is a topologically mixing subshift with
the specification property, then any σ-invariant measure of maximal entropy is a Gibbs
measure.
3. The maximal entropy measures of expansive homeomorphisms with specification (they are
related to the equilibrium measures of the cohomology class of ϕ ≡ 0; see [27]); moreover,
due to Theorem 1.4, it follows that f satisfies the second inequality in (5), where d is the
hyperbolic metric given by Theorem 1.4. This is particularly true for Axiom A systems
(see Subsection 1.2 for details).
4. The invariant measure of maximal entropy and maximal dimension of an expanding
map supported on a conformal repeller J . Namely, let us assume that f is topologi-
cally mixing, and let m be the unique equilibrium measure corresponding to the Ho¨lder
continuous function −s log |a(x)| on M , where s is the unique root of Bowen’s equation
PJ (−s log |a|) = 0 (see Appendix II in [17]). m is the measure of maximal dimension (that
is, dimH m = dimH J = s), and it satisfies the conditions of Theorem 1.3; moreover, it is
already known that, for each q ∈ R, D±m(q) = s; see Remark 1 on page 219 in [17].
1.1 f-homogeneous measures
Definition 1.5. Let f be a continuous transformation of a compact metric space (X, d). A
Borel probability measure µ on X is said to be f -homogeneous if for each ε > 0, there exist
δ > 0 and c > 0 such that, for each n ∈ N and each x, y ∈ X,
µ(B(y, n, δ)) ≤ c µ(B(x, n, ε)), (6)
where B(x, n, ε) := {y ∈ X | d(f i(x), f j(y)) < ε, ∀i = 0, . . . , n} is the Bowen ball of size n and
radius ε, centered at x.
The homogeneous measures are defined of general manner in [4]; here, we only consider the
case of compact metric spaces. It follows directly from Definition 1.5 that if µ is a non-trivial
f -homogeneous measure, then supp(µ) = X (namely, suppose that there exist x ∈ X and ε > 0
such that µ(B(x, ε)) = 0; then, for each n ∈ N, µ(B(x, n, ε)) = 0. It follows now from this
condition and (6) that, for each y ∈ X, µ(B(y, 1, δ)) = 0, and finally, from the continuity of f ,
that for each y ∈ X, there exists a δ(y) > 0 such that µ(B(y, δ(y))) = 0. Since X is compact,
one concludes that µ ≡ 0).
Simple examples of homogeneous measures are the Lebesgue measure, invariant under the
Arnold-Thom cat map, and the Bowen-Margulis measure for Axiom A diffeomorphisms (see
Proposition 19.7 in [8]). The latter is defined as follows: if δx denotes the Dirac measure with
support {x}, consider the f−invariant measure
µn :=
∑
x∈Fix(fn)
δx
card(Fix(fn))
,
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where Fix(f) = {x ∈ X | f(x) = x}. By the weak compactness of M(f) (the space of f -
invariant probability measures, endowed with the topology of the weak convergence) and the
specification property, this sequence has at least one ergodic weak accumulation point µ (the
Bowen-Margulis measure) with maximal entropy, i.e. hµ(f) = h(f) (here, h(f) stands for the
topological entropy of f ; see (17)). Note µ is non-atomic, ergodic and supp(µ) = X; see [8] for
more details.
Remark 1.1. We note that Brin-Katok’s Theorem is punctually satisfied for f -homogeneous
measures: one has, for each x ∈ X,
lim
ε→0
lim inf
n→0
− log µ(B(x, n, ε))
n
= lim
ε→0
lim sup
n→0
− log µ(B(x, n, ε))
n
= hµ(f).
Proof. By the definition of a homogeneous measure, for each ε > 0, there exist 0 < δ(ε) < ε and
c > 0 such that, for each n ∈ N and each x, y ∈ X,
µ(B(y, n, δ(ε))) ≤ c µ(B(x, n, ε)).
Thus,
lim
ε→0
lim sup(inf)n→∞ −
1
n
log µ(B(y, n, δ(ε))) ≥ lim
ε→0
lim sup(inf)n→∞ −
1
n
log µ(B(x, n, ε)).
Analogously, given ε˜ := δ(ε) > 0, there exist 0 < δ˜(ε˜) < ε˜ and c˜ > 0 such that
lim
ε˜→0
lim sup(inf)n→∞ −
1
n
log µ(B(x, n, δ˜(ε˜))) ≥ lim
ε˜→0
lim sup(inf)n→∞ −
1
n
log µ(B(y, n, ε˜)).
This proves that the limits do not depend on x ∈ X. The result follows now from Brin-
Katok’s Theorem.
The next result is a direct consequence of Theorem 1.3 and Remark 1.1.
Corollary 1.1. Let (X, f, µ) be a dynamical system such that µ is an f -homogeneous measure
and f is a function which satisfies the hypothesis of Theorem 1.3. Then, for each s < 1 and
each q > 1, one has
hµ(f)
log Λ
≤ D−µ (q) ≤ D
−
µ (1) ≤ D
+
µ (1) ≤ D
+
µ (s) ≤
hµ(f)
log λ
.
The next result, which is already known in the literature (see Theorem 2.5 in [26] and
[17]), is an extension of Young’s formula ([31]) to the generalized fractal dimensions of the
Bowen-Margulis measure associated to a C1+α-Axiom A system over a two-dimensional compact
Riemannian manifold.
Corollary 1.2. Let T : X → X be a C1+α-Axiom A system (α > 0) over a two-dimensional
compact Riemannian manifold M . Let µ be its Bowen-Margulis measure and let λ1(µ) ≥ λ2(µ)
be its Lyapounov exponents. Then, for each q ∈ R,
D+µ (q) = D
−
µ (q) = hµ(T )
[
1
λ1
−
1
λ2
]
. (7)
We present an alternative proof of this result which is directly based on the proof of Young’s
Theorem and Theorem 1.2 (see Section 3).
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1.2 Expansive homeomorphisms
We are also interested in dimensional properties of invariant measures for expansive homeomor-
phisms.
Definition 1.6. Let X be a metrizable space, and let f : X → X be a homeomorphism. f is
said to be expansive if there exists a δ > 0 such that, for each pair of different points x, y ∈ X,
there exists an n ∈ Z such that d(fn(x), fn(y)) > δ, where d is any metric which induces the
topology of X.
Note that expansivity is a topological notion, i.e., it does not depend on the choice of a
particular (compatible) metric under consideration, although the expansivity constant δ may
depend on d.
Examples of expansive homeomorphisms are: Axiom A systems (see [8]), homeomorphisms
that admit a Lyapunov function (see [11]), examples 1 and 2 in [30], the shift system with finite
alphabet, pseudo-Anosov homeomorphisms, quasi-Anosov diffeomorphisms, etc.
The following result shows that if X is a compact metrizable space, then a homeomorphism
f : X → X is expansive if X admits a hyperbolic metric (the converse of this statement is also
true; see Theorem 5.3 in [10]).
Theorem 1.4 (Theorem 5.1 in [10]). If f : X → X is an expansive homeomorphism over the
compact metrizable space X, then there exist a metric d on X, compatible with its topology, and
numbers k > 1, ε > 0 such that, for each x, y ∈ X,
max{d(f(x), f(y)), d(f−1(x), f−1(y))} ≥ min{k d(x, y), ε}. (8)
Moreover, both f and f−1 are Lipschitz for d. The metric d is called a hyperbolic metric for X.
Aside from the results stated in Theorems 1.2 and 1.3, we also have some estimates for
the generalized fractal dimensions of invariant measures of expansive homeomorphisms (with
respect to the hyperbolic metric given by Theorem 1.4) in terms of the metric and the topological
entropies.
Theorem 1.5. Let f : X → X be an expansive homeomorphism over a compact metric space
X, and let d be the respective hyperbolic metric. Then, for each invariant measure µ ∈ M(f)
and each q ∈ [0, 1), one has D+µ (q) ≤
2h(f)
log k , where k is defined in the statement of Theorem 1.4.
Remark 1.2. One should compare Proposition 1.5 with Theorem 5.4 in [10].
Theorem 1.6. Let f : X → X be an expansive homeomorphism over a compact metric space X,
and let d be the respective hyperbolic metric. Then, for each invariant measure µ ∈ M(f) and
each q ≥ 1, one has D+µ (q) ≤ hµ(f) log k, where k is defined in the statement of Theorem 1.4.
Let T : X → X be a C1-Axiom A system over a two-dimensional compact Riemannian
manifold M . It is known that such transformation is an expansive homeomorphism (see [8]).
Let M(T ) be the space of all T -invariant probability measures, endowed with the weak
topology (that is the coarsest topology for which the net {µα} converges to µ if, and only if,
for each bounded and continuous function ϕ,
∫
ϕdµα →
∫
ϕdµ). Theorem 6 in [22] states that
{µ ∈ M(T ) | hµ(T ) = 0} is a residual subset of M(T ). The next result is a direct consequence
of this fact and Theorem 1.6.
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Theorem 1.7. Let T : X → X be a C1-Axiom A, and let q ≥ 1. Then, the set CD0 := {µ ∈
M(T ) | D+µ (q) = 0, under the hyperbolic metric d} is residual in M(T ).
Theorems 1.1 and 1.7 may be combined with Proposition 1.1 in order to produce the following
result. Let q ∈ N \ {1}; if µ ∈ CD0 ∩Me (where Me := {µ ∈ M(T ) | µ is ergodic}; see [22] for
a proof that this set is generic), then there exists a Borel set Z ⊂ X, µ(Z) = 1, such that for
each x ∈ Z, one has αq(x) = D
+
µ (q) = 0.
This means that for each x ∈ Z and each α > 0, there exists a δ = δ(x, α) > 0 such that
if 0 < ε < δ, then there exists an N = N(x, α, δ) ∈ N such that, for each n > N , one has
Cq(x, n, ε) ≥ ε
(q−1)α. Thus, one has γ = card {(i1 · · · iq) ∈ {0, 1, · · · , n}
q | d(T ij (x), T il(x)) ≤ ε
for each j, l = 0, . . . , q} ≥ ε(q−1)α nq (recall that d is the hyperbolic metric of X), which means
that γ is of order nq for n large enough. The conclusion is that the orbit of a typical point (with
respect to µ) is very “tight” (it is some sense, similar to a periodic orbit).
The next result is a direct consequence of the proof of Theorem 1.7.
Corollary 1.3. Let X be a compact metric space, let f : X → X be an expansive homeomor-
phism and let q ≥ 1. If there exists µ ∈ M(f) such that D+µ (q) > 0 (with respect to a hyperbolic
metric), then h(f) ≥ hµ(f) > 0.
Since each C1-Axiom A system over a compact smooth manifold M is an expansive homeo-
morphism (see [8]), it is easy to check that the usual metric in M satisfies (8).
Corollary 1.4. Let f : X → X be an expansive homeomorphism with specification over a
compact metric space X, and let µ ∈ M(f) be a measure of maximal entropy (that is, hµ(f) =
h(f)). Then, for each q > 1, one has
h(f)
log Λ
≤ D−µ (q),
where Λ > 1 is the Lipschitz constant for f (under the hyperbolic metric).
Proof. Given that {x ∈ X | hµ(f, x) = hµ(f, x) = hµ(f)} = X for each µ ∈ M(f) of maximal
entropy (see Remark 9.A in [27]), the result follows from Theorem 1.3.
1.3 Organization
The paper is organized as follows. In Section 2, we present the proofs of Theorems 1.2 and
1.3. Sections 3 and 4 are devoted, respectively, to the proofs of Corollary 1.2, Theorems 1.5
and 1.6. Finally, in Section 5, we show that, for some dynamical systems, the metric entropy
of an invariant measure is typically zero, settling a conjecture posed by Sigmund in [25] for
Lipschitz transformations which satisfy the specification property.
2 Proofs of Theorems 1.2 and 1.3
Before we present the proof of Theorem 1.2, some preparation is required; the strategy adopted
here is inspired by [1, 21, 31]. Let, for each Borel probability measure µ and each x ∈ X,
dµ,i(x) := lim inf
ε→0
inf
y∈B˜(x,ε)
log µ(B(y, ε))
log ε
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and
dµ,s(x) := lim sup
ε→0
sup
y∈B˜(x,ε)
log µ(B(y, ε))
log ε
be the so-called lower and upper uniform local dimensions of µ at x, where B˜(x, ε) = B(x, ε) ∩
suppµ. It is straightforward to prove that the local uniform dimensions of a Borel probability
measure coincide with its ordinary local dimensions (if x /∈ suppµ, then dµ(x) :=∞ also coincide
with the local uniform dimensions).
Proof (Theorem 1.2). Since the arguments used in the proof of the first and the last
inequalities are similar, we just present the proof that, for each q > 1, D−µ (q) ≥ α. The second
and the fourth inequalities come, then, from Proposition 1.1.
Fix q > 1, let x ∈ supp(µ), and let η > 0; then, there exists an ε(x) > 0 such that, for each
ε ∈ (0, ε(x)) and each y ∈ B(x, ε),
log µ(B(y, ε))
log ε
≥ inf
y∈B˜(x,ε)
log µ(B(y, ε))
log ε
≥ α− η.
Thus, for each x ∈ supp(µ) and each η > 0, there exists an ε(x) > 0 such that, for each
ε ∈ (0, ε(x)) and each y ∈ B(x, ε),
µ(B(y, ε)) ≤ εα−η. (9)
Now, since {B(x, ε(x))}x∈supp(µ) is an open covering of the compact set supp(µ), there exists
a finite sub-family of {B(x, ε(x))}x∈supp(µ) which also covers supp(µ). Let {B(xi, ε(xi))}
k
i=1 be
this sub-covering and let ε(k) := min{ε(x1), . . . , ε(xk)}.
Consider the following (finite) covering of supp(µ) by balls of radius ε(k):
supp(µ) ⊂
N⋃
j=1
B(yj, ε(k)),
where yj ∈ B(xl, ε(xl)) for some l ∈ {1, . . . , k} (note that since, for each l ∈ {1, . . . , k},
B(xl, ε(xl)) is compact, the open covering {B(y, ε(k))}{y∈B(xl,ε(xl))} of B(xl, ε(xl)) admits a
finite sub-covering). Now, let {Aj}
M
j=1 be the disjoint covering of supp(µ) obtained by removing
the self-intersections of the elements of the previous covering; then,
supp(µ) =
M⊎
j=1
Aj ∩ supp(µ). (10)
Fix j ∈ {1, . . . ,M} and let y ∈ Aj ∩ supp(µ); there exists an l ∈ {1, . . . , k} such that y ∈
B(xl, ε(xl)) ∩ supp(µ). It follows from (9) that, for each 0 < ε ≤ ε(k) ≤ ε(xi), one has
µ(B(y, ε)) ≤ εα−η.
Therefore,∫
Aj
µ(B(y, ε))q−1dµ(y) =
∫
Aj∩suppµ
µ(B(y, ε))q−1dµ(y)
≤
∫
Aj∩suppµ
ε(q−1)(α−η)dµ(y) = ε(q−1)(α−η) µ(Aj). (11)
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Now, by (10) and (11), one gets
∫
supp(µ)
µ(B(y, ε))q−1dµ(y) =
∫
⊎M
j=1Aj∩supp µ
µ(B(y, ε))q−1dµ(y)
=
M∑
j=1
∫
Aj∩suppµ
µ(B(y, ε))q−1dµ(y)
≤
M∑
j=1
ε(q−1)(α−η)µ(Aj)
= ε(q−1)(α−η) .
Thus,
D−µ (q) = lim inf
ε→0
log
∫
supp(µ) µ(B(y, ε))
q−1dµ(y)
(q − 1) log ε
≥ α− η.
The result now follows, since η > 0 is arbitrary. 
In order to prove Theorem 1.3, we need to prove some inequalities relating the local uniform
dimensions and the local upper and lower entropies of invariant measures. This result is also
used in the discussion involving the typical value of the metric entropy of an invariant measure
for some particular dynamical systems (see Section 5).
Lemma 2.1. Let (X, f) be a topological dynamical system such that X is a Polish metric space,
and let µ ∈ M(f).
i) If f is a continuous function for which there exist constants Λ > 1 and δ > 0 such that,
for each x, y ∈ X so that d(x, y) < δ, d(f(x), f(y)) ≤ Λ d(x, y), then for each x ∈ X,
dµ(x) ≥
hµ(f, x)
log Λ
. (12)
Moreover, if µ ∈ Me(f), it follows that
dim−H(µ) ≥
hµ(f)
log Λ
. (13)
ii) If f is a continuous function for which if there exist constants λ > 1 and δ > 0 such that,
for each x, y ∈ X so that d(x, y) < δ, λd(x, y) ≤ d(f(x), f(y)), then for each x ∈ X,
dµ(x) ≤
hµ(f, x)
log λ
. (14)
Moreover, if X is compact and µ ∈ Me(f), it follows that
dim+P (µ) ≤
hµ(f)
log λ
. (15)
Here, hµ(f, x) := limε→0 lim sup(inf)n→∞
− log µ(B(x, n, ε))
n
is the upper (lower) local en-
tropy of (f, µ) at x ∈ X.
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Proof. i) Claim 1. One has, for each x ∈ X, each n ∈ N and each 0 < ε ≤ min{1/2, δ/2},
B(x, εΛ−n) ⊂ B(x, n, ε), where B(x, n, ε) := {y ∈ X | d(f i(x), f i(y)) < ε, ∀ i = 0, . . . , n}
is the Bowen ball of size n and radius ε, centered at x. Namely, fix x ∈ X, n ∈ N and
0 < ε ≤ min{1/2, δ/2}, and let y ∈ B(x, εΛ−n); then, since εΛ−n < δ, one has, for each
i = 0, . . . , n, d(f i(x), f i(y)) < ε, proving the claim.
Now, it follows from Claim 1 that, for each x ∈ X and each 0 < ε ≤ min{1/2, δ/2},
dµ(x) = lim infn→∞
log µ(B(x, εΛ−n))
log εΛ−n
≥ lim inf
n→∞
log µ(B(x, n, ε))
−n
1
− log ε
n + log Λ
= lim inf
n→∞
log µ(B(x, n, ε))
−n
1
log Λ
.
Thus, taking ε→ 0 in both sides of the inequalities above, the result follows.
Now, if µ ∈ Me(f), it follows from Lemma 2.8 in [19] that hµ(f, x) = µ- ess inf hµ(T, y) is
valid for µ-a.e. x, and then, by Theorem 2.9 in [19], that hµ(f, x) ≥ hµ(T ) is also valid for µ-a.e.
x. Relation (13) is now a consequence of relation (12) and Definition 1.3.
ii) Claim 2. One has, for each x ∈ X, each n ∈ N and each 0 < ε ≤ δ, B(x, n, ε) ⊂ B(x, ελ−n).
Namely, fix x ∈ X, n ≥ 1 and 0 < ε ≤ δ, and let y ∈ B(x, n, ε) so that, for each j = 0, . . . , n,
d(f j(x), f j(y)) < ε ≤ δ; it follows from the hypothesis that λn d(x, y) ≤ d(fn(x), fn(y)) < ε,
and therefore that d(x, y) < ελ−n.
Now, it follows from Claim 2 that, for each x ∈ X and each 0 < ε ≤ δ,
lim sup
n→∞
log µ(B(x, n, ε))
−n
1
log λ
= lim sup
n→∞
log µ(B(x, n, ε))
−n
1
− log ε
n + log λ
≥ lim sup
n→∞
log µ(B(x, ελ−n))
log ελ−n
= dµ(x).
Thus, taking ε→ 0 in both side of the inequalities above, the result follows.
Now, if µ ∈ Me(f), it follows from Brin-Katok’s Theorem that, for µ-a.e. x ∈ X, hµ(f, x) =
hµ(f, x) = hµ(f). Relation (15) is now a consequence of relation (14) and Definition 1.3.
Remark 2.1. It follows from Theorem 2.10 in [19] that if X is a complete (non-compact)
Riemannian manifold and µ ∈ Me(f), then (15) is also valid.
Proof (Theorem 1.3). It follows from Lemma 2.1 and the fact that Brin-Katok’s Theorem
is satisfied punctually that, for each x ∈ X,
hµ(f)
log Λ
≤ dµ(x) ≤ dµ(x) ≤
hµ(f)
log λ
. (16)
The result is now a consequence of Theorem 1.2. 
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3 Proof of Corollary 1.2
Proof (Corollary 1.2).
Claim 1. For each x ∈ X, one has dµ(x) ≥ hµ(T )
[
1
λ1
− 1λ2
]
.
We follow the proof of part 1 of Lemma 3.2 in [31]. Namely, let
Λ = {x ∈M | x is regular in the sense of Oseledec-Pesin
and lim
ε→0
lim inf
n1, n2→∞
− log µ(B(x, n1, n2, ε))
n1 + n2
= hµ(T )},
where B(x, n1, n2, ε) := {y ∈ X | d(T
jx, T jy) < ε, j = −n2, . . . , n2} is the bilateral Bowen ball
of size n1 + n2 + 1 and radius ε.
Since µ is an f -homogeneus measure and T is a uniform hyperbolic transformation (note
that the discussion presented in Remark 1.1 can be adapted to bilateral Bowen balls), it follows
that Λ = M (see [22, 24]). Let χi = e
λi . For each x ∈ M and each ε > 0, it is straightforward
to show (as in [31]) that
dµ(x) ≥ (hµ(T )− ε)

 1
log χ1+2ε1−ε
+
1
log
χ−1
2
+2ε
1−ε

 ;
indeed, it is possible to show that, for each ρ > 0 and each y ∈ B(x,K(x)−1ρ/2), one has
B(y,K(x)−1ρ/2) ⊂ B(x,K(x)−1ρ) ⊂ B(x, n1(ρ), n2(ρ), ρ),
where K(x) :M → R is a function that relates the distance in the x-chart and the Riemannian
metric on M by the formula ‖ · − · ‖x ≤ K(x)d(·, ·). Since ε > 0 is arbitrary, the claim follows.
Claim 2. For each x ∈ X, one has dµ(x) ≤ hµ(T )
[
1
λ1
− 1λ2
]
.
We follow the proof of part 2 of Lemma 3.2 in [31]. Namely, since X is a uniformly hyperbolic
set, one may define φ : X → R by the law
φ(x) = φ = A1K1min{(χ1 + 2ε)
−1), (χ−12 + 2ε)
−1},
where A1 := infx∈X A(x) > 0 and K1 := supx∈X K(x) <∞ (see the proof of Lemma 3.2 in [31]
for details).
Now, since µ is f -homogeneous, it follows from Mane˜’s estimate that, for each x ∈ X,
lim sup
n1,n2→∞
−
1
n1 + n2
log(µ(B(x, n1, n2, φ))) ≤ hµ(T ).
The rest of the proof follows the same steps presented in the proof of Lemma 3.2 in [31],
taking into account that Λ1 = X.
The result follows now from Claims 1, 2, Theorem 1.2 and Proposition 1.1 (for the case
q = 1). 
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Remark 3.1. As in Theorem 4.4 in [31], one has, for each q ∈ R, that
D±µ (q) = C(µ) = C(µ) = CL(µ) = CL(µ) = R(µ) = R(µ) = hµ(T )
[
1
λ1
−
1
λ2
]
,
where C(µ), C(µ), CL(µ), CL(µ) are the capacities and R(µ), R(µ) are the upper and lower Renyi
dimensions of µ.
Remark 3.2. The Bowen-Margulis measure is an example of measure that does not belong to
set CD0 in Theorem 1.7. In fact, one has Dµ(q) = dimH(µ) = dimH(X) (which is equal 2 when
f is Anosov).
4 Proofs of Theorems 1.5 and 1.6
Let (X, d) be a compact metric space, and let f : X → X be a homeomorphism. For each n ∈ N,
one defines a new metric dn on X by the law
dn(x, y) = max{d(f
k(x), fk(y)) : k = 0, · · · , n− 1}.
Note that, for each ε > 0, the open ball of radius ε centered at x ∈ X with respect to dn
coincides with the Bowen dynamical ball of size n and radius ε > 0, centered at x:
B(x, n, ε) = {y ∈ X : dn(x, y) < ε}.
Proposition 4.1. The metrics dn and d induce the same topology on X.
Proof. This is a direct consequence of the fact that f is a homeomorphism.
Thus, for each x ∈ X, each n ∈ N and each ε > 0, B(x, n, ε) = {y ∈ X | dn(x, y) ≤ ε} is
a closet set and B(x, n, ε) = {y ∈ X | dn(x, y) < ε} is an open set (both with respect to the
topology induced by d).
Let n ∈ N and ε > 0. A subset F of X is said to be an (n, ε)-generating set if, for each
x ∈ X, there exists y ∈ F such that dn(x, y) < ε.
Let R(n, ε) be the smallest cardinality of an (n, ε)-generating set for X with respect to f .
Then, the following limit exists, and it is called the topological entropy of f (see [29]):
h(f) := lim
ε→0
lim sup
n→∞
1
n
logR(n, ε) = lim
ε→0
lim inf
n→∞
1
n
logR(n, ε). (17)
Proof (Theorem 1.5). It follows from Theorem 1.4 that there exist k > 1 and ε > 0 such
that, for each x ∈ X, each n ∈ N and each 0 < r < ε/k, one has B(x, n, r) ⊂ B(x, k−nr). Thus,
µ(B(x, n, r))q−1 ≥ µ(B(x, k−nr))q−1, and (taking r sufficiently small so that k−nr < 1)
log
∫
supp µ µ(B(x, k
−nr))q−1dµ(x)
(q − 1) log k−nr
≤
log
∫
suppµ µ(B(x, n, r))
q−1dµ(x)
(q − 1) log k−nr
. (18)
Let E = {xi} be an arbitrary (2n+1, r/2)-generating set (which, in particular, implies that
X ⊂
⋃
xi∈E
B(xi, n, r/2)). Since X is compact, one may take E as a finite subset of X. Let also
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F˜ = {xj} be a subset of E such that {B(xj , n, r/2)}F˜ is a covering of supp(µ). Then, one has∫
supp(µ)
µ(B(x, n, r))q−1dµ(x) ≤
∑
xj∈F˜
∫
B(xj ,n,r/2)
µ(B(x, n, r))q−1dµ(x)
≤
∑
xj∈F˜
µ(B(xj, n, r/2))
q
≤
∑
xi∈E
µ(B(xi, n, r/2))
q, (19)
where we have used the fact that, for each x ∈ B(xj, n, r/2), B(xj, n, r/2) ⊂ B(x, n, r).
Now, by (18) and (19), one has
log
∫
supp µ µ(B(x, k
−nr))q−1dµ(x)
(q − 1) log k−nr
≤
log
∫
suppµ µ(B(x, n, r))
q−1dµ(x)
(q − 1) log k−nr
≤
log
∑
xi∈E
µ(B(xi, n, r/2))
q
(q − 1) log k−nr
.
Thus, for q = 0,
log
∫
suppµ µ(B(x, k
−nr))−1dµ(x)
− log k−nr
≤
logR(n, r/2)
− log k−nr
=
logR(n, r/2)
n(log k − log rn )
. (20)
Given that D+µ (q) is a decreasing function of q (see [7] and [2]), one has D
+
µ (q) ≤ D
+
µ (0).
Furthermore, since the function ϕ : (0,∞)→ R, ϕ(ε) =
∫
suppµ µ(B(x, ε))
−1dµ(x) is decreasing,
it follows from Lemma 6.2 in [9] that
D+µ (0) = lim sup
n→∞
log
∫
suppµ µ(B(x, k
−nr))−1dµ(x)
− log k−nr
. (21)
Thus, it follows from (20) and (21) that
D+µ (q) ≤ D
+
µ (0) = lim sup
n→∞
log
∫
suppµ µ(B(x, k
−nr))−1dµ(x)
− log k−nr
≤ lim sup
n→∞
logR(n, r/2)
2n
2
log k
.
Therefore, taking r→ 0, the result follows from (17). 
Corollary 4.1. Let (X, d, f) be as in the statement of Theorem 1.5. If h(f) = 0, then for each
µ ∈ M(f) and each s ≥ 0, one has D±µ (s) = 0.
Remark 4.1. It follows from Corollary 5.5 in [10] that if a compact metric space admits an
expansive homeomorphism whose topological entropy is zero, then its topological dimension is
zero. See Section 3 in [10] for examples of systems with zero topological entropy.
Proof (Theorem 1.6). It suffices, from Proposition 1.1, to prove the result for q = 1. It
follows from Theorem 1.4 that there exist a hyperbolic metric d which induces an equivalent
topology on X, and numbers k > 1, ε > 0 such that f is expansive under this metric and, for
each 0 < r < ε/k and each x ∈ X, B(x, n, r) ⊂ B(x, k−nr). Thus,∫
log µ(B(x, k−nr))dµ(x)
log k−nr
≤
∫
log µ(B(x, n, r))dµ(x)
log k−nr
. (22)
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Claim.
lim sup
n→∞
∫
log µ(B(x, n, r))dµ(x)
log k−nr
≤ hµ(f) log k.
Following the proof of Brin-Katok’s Theorem, fix r > 0 and consider a finite measurable partition
ξ such that diam ξ = maxC∈ξ diam(C) < r. Let ξ(x) be the element of ξ such that x ∈ ξ(x),
and let Cξn(x) be the element of the partition ξn =
∨n
i=−n f
−iξ such that x ∈ Cξn(x). Given that
ξ(x) ⊂ B(x, r), one has
Cξn(x) =
n⋂
i=−n
f−i(ξ(f ix)) ⊂
n⋂
i=−n
f−i(B(f ix, r)) = B(x, n, r),
from which follows that∫
log µ(B(x, n, r))dµ(x)
−n
≤
∫
log µ(Cξn(x))dµ(x)
−n
=
H(ξn)
n
,
where H(ξn) = −
∑
Cξn(x)∈ξn
µ(Cξn(x)) log µ(C
ξ
n(x)) =
∫
− log µ(Cξn(x))dµ(x). Thus,
lim sup
n→∞
∫
log µ(B(x, n, r))dµ(x)
−n
≤ lim sup
n→∞
H(ξn)
n
= H(f, ξ) ≤ hµ(f),
proving the claim.
Now, since for each r > 0, each k > 1 and each n ∈ N,
∫
log µ(B(x, k−nr))dµ(x) is finite
(by (22) and Lemma 2.12 in [28]), it follows from an adaptation of Lemma A.6 in [13] that
lim sup
r→0
∫
log µ(B(x, r))dµ(x)
log r
= lim sup
n→∞
∫
log µ(B(x, k−nr))dµ(x)
log k−nr
. (23)
One concludes the proof of the proposition combining relations (22) and (23) with Claim. 
Remark 4.2. 1. One can apply simultaneously Corollary 1.4 and Theorem 1.6 for measures
of maximal entropy as follows: first, since f is an expansive homeomorphism, it follows
from Theorem 1.4 that there exists an hyperbolic metric d so that f is Lipschitz; let L > 1
be its Lipschitz constant and let q > 1. One has, from Corollary 1.4, that h(f)logL ≤ D
+
µ (q),
and then, from Theorem 1.6, that D+µ (q) ≤ h(f) log k. Thus,
h(f)
logL ≤ D
+
µ (q) ≤ h(f) log k.
2. If f is also expanding, with expanding constant λ > 1, it follows from Theorem 1.3 that
for each s < 1, D+µ (s) ≤
h(f)
log λ . Now, it follows from Theorem 1.5 that D
+
µ (s) ≤
2h(f)
log k
(taking into account the hyperbolic metric d). This shows the similarity of both results
and a critical dependence on the metric.
5 Generic sets of invariant measures with zero entropy
One can combine Lemma 2.1 with some results presented in [6] in order to show that, in some
situations, the set of invariant measures whose metric entropy is zero is residual.
In what follows, denote by Mco(f) the set of f -invariant periodic measures, that is, the set
of measures of the form µx(·) :=
1
kx
∑k−1
i=0 δf i(x)(·), where x ∈ X is an f -periodic point of period
kx, and δx(A) = 1 if x ∈ A and zero otherwise.
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Theorem 5.1. Let X be a Polish space and let f : X → X be an invertible transformation such
that both f and f−1 are Lipschitz. Suppose that Mco(f) =M(f). Then,
{µ ∈M(f) | hµ(f) = 0}
is a residual subset of M(f).
Proof. Firstly, we note thatMe(f) is a generic subset ofM(f). Namely, the measures inM
co(f)
are obviously ergodic. Hence, Me(f) = M(f). Since one has from Theorem 2.1 in [14] that
Me(f) is a Gδ subset of M(f), the result follows.
Thus, one gets from Propositions 2.2 and 2.5 in [6] that {µ ∈ Me(f) | dim
+
H(µ) = 0} is a
generic subset ofM(f) (although Proposition 2.2 in [6] was proven for the full-shift system pre-
sented in Subsection 1.2, the result can be extended to the dynamical system (X, f) considered
here). The result is now a consequence of Lemma 2.1(i).
Corollary 5.1. Let (X, f,B) be the full-shift dynamical system over X =
∏+∞
i=−∞M , where the
alphabet M is a Polish space. Then,
{µ ∈M(f) | hµ(f) = 0}
is a residual subset of M(f).
Corollary 5.1 generalizes Theorem 1 in [23] (originally proved for M = R) for any Polish
space.
We also have a version of Theorem 5.1 for topological dynamical systems.
Theorem 5.2. Let (X, f) be a topological dynamical system such that f is Lipschitz, and suppose
that Mco(f) =M(f). Then,
{µ ∈M(f) | hµ(f) = 0}
is a residual subset of M(f).
Proof. Theorem 1.2 in [5] states that, for each q ∈ (0, 1), {µ ∈ M(f) | D−µ (q) = 0} is a residual
subset of M(f). The result is now a consequence of Proposition 1.1 and Lemma 2.1(i).
Theorem 5.2 partially settles a conjecture posed by Sigmund in [25], which states that if
a topological dynamical system (X, f) satisfies the specification property (and consequently,
Mco(f) =M(f); see [25]), then {µ ∈ M(f) | hµ(f) = 0} is a residual subset of M(f).
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